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Funchons, Limits and conhnw]rj

|_)_e_f_ ( Real-valued and vector-valued jundl’ons)

A funchion is o rule that oss;ﬂns fo each element in the domain an element
In the range .

A fuvchon \whose domain is o cubset UCR" ,m>1 ond whose'ranﬂe 15
contained n R is called o real valued unction of m variables nj n=1
and a veclor valued function of - m vaables if n>1
* A real valued funclion is usuallj wrifen as Y - {(x,.,%m).
A vector valued funclion F 1s usua”j given by -

Flay o, xm) = (F(x-%m), By (%0 Xm) ..., FalXpys %))
The funclion F,'s are called components (o component functions of F).
Example (Dt product and Cross product)
let X - (x.,j.,Z,) and 9’ = (x,,ﬂz,zl) be two 3-dimensional veclors .
Then the dot product of X and Y ie the number X.§ = %Y + %Y + %Ys

In terms of coordinates 1t con be viewed as a funch'on from R + R

f('xl»ﬁnzn xn"ji ) Zz) = X,5.+7(231+7(333
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The cross Proo\uc{ can be viewed as o vector valued func’n'on from IR6 fo lRa
(Jiven blj .

F(“l’ﬂt»zu’xzvﬂn»zn) = (%l -Ys%a, XY ~$:% 5 XYs -4%)

- 5 YA

Remeber Xxy _ |t J K
5 Y g

Y g

Qg} A junch'on FIUCR"— R s called a veclor fl’elo‘ on U.
D_ef_ A ﬂ'aPh oi a real valued ](unch‘on {:Ue R— R s the set

{("n"""m’ﬂ) |3=f(x.,---.xm) Xy Xm ) € UJ C m""i
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Limts _and continutty
Y

DeF A open ball centered ot @ in Rnoj rodius R

8@ = {Xe K | IR-TN<R |
Ex  What is B(0,0) ?

It consists of Po{n’ls (X,ﬂ)e R2 s.t (X-0)2+ (3-0)2 ¢l = 9(2+32< 1

<
[an]
L

A Poin{ am R s colled an interior Pofan oj asd Uk, 1]:
there is an gpen ball centered at @ that is compldelj cwntained in U.

|

—
An]
o

A Poin{ amn K is colld an ex}erioeroin{ of gt UcR ,lj’
there 15 an open ball centered at @ that is comlelelj oulside U .

|

DEF |f every open ball cenfered ot G€ R consists of poinis n U and Pon'nis
oulside Of U, then we call @ o bouno\arj ?oin} oj V.

a is an Inferior Poin{ ,

b is an exterior Poivﬂ R cisa boundarﬂ Poin{
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08-3 ’ dﬁafn'm'hbn of limit

let § be defn'neo\ on a subset D oj K.
lim f(x) =L means that jor every €>0 ,there 1 a corresPondinS
el number § >0 such fhat \f XeD and 0<IX-all<cé
then ||:f(3?)-|.|‘< €.
Pop ¥ the limit ql(n,ma, {®)= L holds, the mit o]Q ]C a\ovﬂ any POH) in U

aPProachin @ must be L . (Am\oﬂous Yo lrort jrom |eﬁ and rBH in

0 smﬁ\e variable ),
Ex (ompule i x4 ‘?_2
= FJO (X':S)—’(O;O) 9(1-\- ja-
lel's fnrsi aH)roach the Pomt (0,0) alonﬂ the x-axis .
Then = 0 which qes jlx,00 = x* . (for x#0)
'xﬁ
Then, j(x,ﬂ)-——»O as (x,ﬂ)——’(O;O) alonﬂ the axis .
Next approach (0,0) a\onj the y-axis
S x=0, j(O.j) = -4yt _-2 (jorﬂa*())
E3
S0 f(x.ﬂ)*—?-cl as (x.ﬁ)——’(O;O) a\onj the ﬂ-GXIQ,

Since § has two different limits a\onj two different lines , the gven limif
does not exist .
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Der (Limt of a verlor valued Junctions )

lt FG) = (FR), ., F(®) and L= (LLy, - Ln)

We say thot F(Z) has limt T as ¥ approaches a
in F®)< T f ond only if

im R, Il'm_’ Fa(®)= 1L, .
X~d

X—»a

Umijf |.aws

lj the limits of f q . R"—R Fq R ——>R exist as X aPProaches a
then

1) Jin (FR124(%)) = hm_ F) 2 Im_§5)
) m (§84%)) = I jm)( Im 3(2)
3) EI(T} cFR) = C_}l(llna F(x)

1 § 'al"-Ta’ 3(9’(’) +0, hen

_|3m f(x_) lnm jf(X)
X-d q@ hm 3(9?)

DEF A junc\(on F:UcR"—R" is continuous ot d¢ U rf and °"|j If
Bl?‘ma’ F(X) = F(@) .
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Derivatives

let  be a funchion oj m variables x,...,xm defined on an open set . The partial
denivative of f with reePed to % is defined as

hm f(xl»'--»xl,-"h.xul,---,xn)"'f('xp-'-,xir'-;‘xﬂ) = _aj:_(Y)
h—0 h o,

for a fundion of ]t fwo variables j(x,ﬂ)

% = {x = D,j: = Dxf = hl'-TO i(x+h'%—f(x’ﬂ)—

RematK  One can compu’fe Padia\ denvatives wrt 4o one varable bj reaarolu‘nj
the other variables as conslant (since we fnx the values of all other variablez in
the lienit above )

Ex ]((x,ﬁ,z) - exHSmlﬂzJ«f)

%ﬁ_ - xexjsin(ﬂaua)-i- e“Bcos(ﬂz-er).gﬂ
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Interpretation cr[ partial derivatives
. Spse a sutface S has an equahon

z ’f(""j) , and a j(xo.goPZo
e (xoajo;ZO).

* let G be the curve on S w/ 44
( 50 the curve C; is where the vertical

P\ane 4=y infersecs §) .

. Simi\arl:j , G be the curve where the

P|ane X= %, infersecls S .

* Note that (, is the araph of the func\ion 3(9() =f(x,ﬂo), 60 the slopeof the

’ranjen’f Tat Pis” ' = fulao).
i S]mi‘ﬂf “'\Df C2 .

e fartial derivmlives an be in)rerPre{qd s roles of cha e ﬂ-’ 7 =j(x, ) , then é£
rePresen*S the rate of Cl)anﬁg err x when Z is frxad j 0X

Tanggd plane

One oj the most important idea in sfnﬂle variable Calculus is that if we
zoom into a point on qgraph of a differenﬁabﬁe function , the 3rap)n becomes
indis’finauishati jrom its ’ranjenf line and +herefore we can aPproxima}e
the funch'on bﬂ a linear junchon .
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The similar idea in 3-dim'l Pfa‘ure i5 that nf we zoom In fowards a Pon'n’c
on the surface , the 3raph of a iff {unchion of two variables , the surface

looks more and more like a Plane (it's 1anjen{ P\ane).

Qci Suppece 0 surface has equation z =:f(x,3) . where ]( has conlinuous Parh'a\
dernvahves .

The the lunaen{ plane to the surface ot point P is defuned o be the plane
that contains bath Tanjen’t lines T, and Ty .

Recall A line in space is defermined by a Poin’l and a direction , For instance |

a line Passmj ’rhroujh Pom{ r, and Parallel bV is gueen bj

r=r,+tV

for a P\ane we Know that o P\ane In space is delerrained bﬂ a Poin’c P (%.3o,2o)
in the Plane and aveclor ™ fhal is or‘rhoaonal fo the plane.

let P(x,g,z) be an arbitra l)oimL in the plane ,and let @ and 7 be the

P06~| on vectors Qf Fo’ and 7.

Then the vector T'-T; ( represented PP ) s oancEﬂonal b7 s we

have T.(r-)=0 or }f we Wrte 1 as <a,b,cD, we 3&:

al x-%) + b(j-tjo) +elz-2)=0

Now bacK to the %arﬂen{ plane, we Know that plane Passfnﬂ 1‘hrou3h P(%0.4o)20)
i quen b
Alx-%) + Bly-yo)+ Clz-z)=0
5 2-Z% = O(‘X-'Xo)"'b(j'ﬂa)

Lecture 2 - Partial, Surface Area, Applicatn contd Page 9
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If the equai,'on rePresenJls the *anjent plane , hen it's infersection w/ plane Y=yo
rust be the )ranﬂen’c hoe T, .

Sdﬁfj Y=Yo. we ﬂei

2-Z = a(x-%) and we recoﬂm'ze its s\oPe i5 0. And since we Know the
lope af hne T, s fx(%o,ﬂo) , we conclude that a =fx(%,jo) .

Simlar reaeom'nj shows thot b = Jfﬂ (Xo,‘jo) and ’rherefore the equa’n‘on o]t
the +an3en£ plane s

2-2, = Jx (o) (x-%) +fy (16,40) (§-Yo)

D_e£ The ﬂmdleml aﬁ a funcﬁon {x-:%m) is the vector

V&) - l_aj_ a_ajf_m

OX,
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5.6 Surface Area

i § is Posih've and has a onlinvous derivative , we define the surface areg
of the surface oblamed bj rofating y: fx) ;a<x<h  about the x-axis.

b
S - [anf \/ I+ U607 d

We want to compute area of a sw\face w/ ecl" z ={(xy), the ﬂraph of a func.

of two vaniables .
S= surface w e 2 - J0oy) , where { hag continuous PaHial derivatives.

To simplifj derivation , assume j(x,ﬂ) 20 and domain D of f 5 a rec’ranﬁ . le

Divide D info small rec}anj\es Rij w/
area DA = Ax Aﬂ.

{
: R ATﬂ
%y let (%, ) be the commer of the
redanﬂle closest o the on"jl'n.
/ § )
let P (xi2yg, f(%i143)) be the
]

Poin’c closest on S o\wec’rl_lj above
POlnt (x“ﬂ] ) .

o The lanﬂen{ Plane bo Sal Ps 15 an alnproxfmdmn o G near Pﬁ .
S0 the areq Ath oj the Parl' of this ’ronﬂenl plane. (o Pora\leloﬂram) that lies
direcﬂj above Rj s an opproximaﬁon to the area ASj oj the panl oj S hal dn'recﬂj

lies above le .
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Then, ):ZTj i3 an aPProx{maHon oi the fotal area Oj S ond

m n
AlS) = |im ZZ_ ATj

mn—00 L=l J=I

We need a more convenient {m\a .

Py e ld?ad b be the vedors that

start ot Pﬂ , and le alonj the sides of

the Paral\eloﬂram w/ area AT:‘ .

/\ ¢ Then A-Ii] =|-5'X_b,\ .

. Note that {x(XaH) and {j(""ﬂ) are the
Slopes of the hnﬂon} lines H\rouﬂh Fij in the

S
=
Kl
=
=
-
s)
'~
=
S
o

abgp)on | [‘jx (x:45) % -§y (xi,ﬂj) f + Q] AA

od teofoe 8Ty = 175T) - Axbiyp ) Dy g ] *+4 BA

Ben, AS)= b ) ) {0y T+ Lyl ] +d A
mh-00 ., le

and then usinj the de{iniﬁon of a double m*ejra\ we 3& the fo\lowinj jormula .
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13

Sunday, May 1, 2016 7:47 PM

The areaoi the surface with equah'on 7 = f(x,j) ,(x,ﬂ)eb , where jx and jfl are

continuous is °

ALS) - HJ xtag T+ [y log) T +1 A

0 b
RemarK ~ Simlar Yo Yormula for arc-| L. _‘Il 2 dx
emar imila o{or {or r evﬂﬂ\ J +(%i)

Ex  Find the area oj the Par}oj: the \anerboh'c paraboloid 2 =31-X2 that lies between
x%a’ =1 and 'x2+31=4.

Sn 2z = ]‘(x.g\ =3’-x1 with 1< ')(2+le-‘-4

jxlX.g\ = - dx
h(X,ﬁ) = aj

Ten AlS) ” {etpet an

ma2 D

] r[ |l+4r1 rdr 48

o 4

40 Ir | +4r* dr - JI\J 1u?dy - A_N_[_Q.ﬂ?)%- 4(s) %]

n

T 1 58 g 13 3

3 3
6
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Moments and (enter of mass

! —d, —
,;‘.,:_ l—‘A o lets sy {wo masses ate attached to o bar oj neﬂh'ai ble
| Folerurn : mass on the opposite sides of the fulerum  and

ot distances d, and d, frow the Fulerum |

Archimedes  show thot the rod will balance |f md, = m,d,

o Now lels sal that rod lies on the x-axis with m of % and m, at X, and
center oj mass ,

- x *a
o m A m,

Then we see that m(x-%)=m,(x-X) = X =mX+m%x

m,+m,

* mx § mx, are called moments of masses m, and m, |wrt 0) and
the obove equation shows that center of mass X is obtained Eﬂ addin
the  moment of masses and dlvidinj bj the total mass m=m +m,.

Now ,1f we have sjstem of n parhcles w/ masses m,,....m, located at poinis

%% on the x-axis , we can show that the certer of mass of the sHsiem
15 located ot

T . ;m;x; and M=2_mx 15 called the moment of the Sﬂs*em
) m; - obout the origin
t=)

Now we consider o sﬂdem of n parficles w| masses m,m,,...,m, located at the poinis
(Xy), - (XmYn) m he xj-l)\ane

Lecture 2 - Partial, Surface Area, Applicatn contd Page 14
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The moment of the sas*em about the 3—09(1’3 is defmed fo be
n
Mj = lzl- m, X,
ad the moment of the Sjs}em about the x-axis as
n
Mx - Z m, Y
1=

Then the coordinates (7,5) of the center o_f mass are gven lfﬂ the formula

x = My ,§=_MX_ , where m= ) m;
m m

« The center of Mass (7,3) 15 the poin’c where a sinjle Parh'cle oj mass m
would have the same moments as the sﬂskm.

* Now consider a laming { thin Pla\e) that occupies g rejion D oj the xﬂ—Plane
and M densi’ﬁ [in unt mass per unit area) is 3iven bj £0x,y) , where §

is a continuois funchion .

This means that J’(x,ﬂ) = lim AAIQA where Am and AA are the mass and

area oj a smal| (edanﬂ\e that contains ('Xﬁ) and lmit 15 faKen as dimension
o} recianj\e aPProach 0.

To ]md the total maes oj the lamina, dwide a rec}anﬁle R con’ral'm‘rﬂ D nlo
Subredanj\es R and § l'X,ﬂ)= 0 oulside of D.
x"g’)
Z ‘-\J ’ I we chooseat)oin’t (X‘J*ljg) in Rj,%enﬂ\emss
< oj the part of the lamina that occupics Rj is aPFro%ima’relj

Lecture 2 - Partial, Surface Area, Applicatn contd Page 15
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X X
$1x 4 )A A5

Then uf we add all the masses we ae{'
L

R
mor ) ) Pkt yt) AA

=1 J=i
and nf we fa¥e smaller and smaller mdanﬂ\es we see that

m = hm i t \P(X:,jJ*)AA = “J’(mﬂ)d/\ ,

KL—>00 1=) J=|

D

¢ Now the mass of Ry s aPProx[mcﬂel ol »3} ) AA |60 we an aPmel'mafe
the momen’rqf RUJ wrt fo the x-axis as

[ flx ,33* )Aﬁ].ﬁ and add these all up and taKe hmi’rof smaller
and smaller rec’ranﬂles o obfain the moment of the enhre lamina about
the x-axis :

R L ¥ x o
to =l L0 4 o) AA - [y fley) A

k,l—-)OO =1 J=|
Smi\ar\ﬂ,
M - ij?(x,g)af\ |

Then we can deduce that the wnkraf mass (ig) of a lamina occuP\ull’nj
the reﬂl'on D and havirﬂ densniu\ funchon \t (X;j) are :
(Y O L I T | YO,

= My

[[fopdd ~° ™ ([ g dd

D

Rty
m
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Moment oj inerha

The moment o]( |per’n‘a (also aalled the second moment ) of a Parh'cle of Mass

m about an axis is defined to be mc”, where ris the distance from the
Pmﬁc\e o the axis .

Then we can use the 1deas jrom \)e"”ore o conclude that

Lo- || prxg)dd 5 Ty [ A6txg)dn
D

D
Momentt o[ merhia about the oriﬂin

I, . H ('x2+32) \F(X,S)JA
D

In Pan‘iwlar Ip= I+ I:j

[1dea * Determines 4he *orque needed ]tor a desired anﬁu\ar acce\erah'on)
o]t radius 6

B The densﬂj at any Poin% on a semicircular laming yis twice the distance

from the " center of the circle . Find the cenfer of Mags ‘{f the lamina .

Solubion ~ Place the lamina as the upper half OJC the arcle 9(2+32 =6

/‘;\ The distance from a POln{ (x,ﬂ) o the center 0]('
o the arcle fo  the Oflﬂln is W |

Then  £lxy) = Jx2+32
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Then,

3

|
|

4
Irrdrdl - Jd@JQr’dr -4 . @n
3

0 n 4
I‘]_ - #“H\P('X»yHA = 3 J [rsme ar rdrd6
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